Abstract. Given a Banach algebra A and a continuous homomorphism σ on it, the notion of σ-biflatness for A is introduced. This is a generalization of biflatness and it is shown that they are distinct. The relations between σ-biflatness and some other close concepts such as σ-biprojectivity and σ-amenability are studied.
Introduction
Biprojectivity and biflatness for Banach algebras, as introduced and studied in the works of Helemskii (see for instance [5] ), have proved to be important and fertile notions. There are close relationship between these notions and some other concepts of Banach algebras such as amenability. It is known that every biprojective Banach algebra with a bounded approximate identity is amenable and in the presence of a bounded approximate identity, biflatness and amenability are the same notions [5] .
Before preceding further, we recall some preliminaries. Let A be a Banach algebra. T (x · a) = T (x) · a , for a ∈ A, x ∈ X. It is obvious that the diagonal operator π A : A ⊗A → A given by π(a ⊗ b) = ab, is an A-bimodule homomorphism. If it is clear to which algebra A we refer, we simply write π.
Then its projective tensor product
A Banach algebra A is biprojective if π has a right inverse which is an A-bimodule homomorphism. If there is an A-bimodule homomorphism which is a left inverse of π * , then we say that A is biflat.
Let A be a Banach algebra. We write Hom(A) for the set of all continuous homomorphisms on A. Let X and Y be Banach A-bimodule, and let σ ∈ Hom(A).
A bounded linear map T : X → Y is a σ-A-bimodule homomorphism if T (a · x) = σ(a) · T (x) and T (x · a) = T (x) · σ(a) where x ∈ X and a ∈ A. A Banach algebra A is σ-biprojective if there exists a σ-A-bimodule homomorphism ρ :
The purpose of this paper is to study the concept of σ-biflatness for Banach The organization of the paper is as follows. Firstly, in section 2 we investigate some basic properties of σ-biflat Banach algebras. We find an equivalent condition to σ-biflatness (Theorem 2.3). We prove that every σ-biprojective Banach algebra is σ-biflat (Proposition 2.4). However biflat Banach algebras are σ-biflat (Proposition 2.5), we give an example to show that the class of σ-biflat Banach algebras is larger than that for biflat Banach algebras (Example 2.1).
In section 3, we find the relations between σ-biflatness and both σ-amenability and the existence of some certain σ-diagonals. There are examples of σ-biflat Banach algebras which are not σ-amenable (Examples 3.1 and 3.2).
In section 4, we deal with the short exact sequence Σ : 0 −→ kerπ to biflatness of tensor product of Banach algebras to the σ-case (Theorem 5.1).
Basic properties
Definition 2.1. Let A be a Banach algebra and let σ ∈ Hom(A). Then A is σ-biflat if there exists a bounded linear map ρ : (A ⊗A)
Lemma 2.2. Let A be a Banach algebra, let σ ∈ Hom(A) and let X and Y be Banach A-bimodules.
Proof. For every x ∈ X, a ∈ A and λ ∈ Y * , we have
The following characterization is useful.
Theorem 2.3. Let A be a Banach algebra and let σ ∈ Hom(A). Then, the following are equivalent:
(ii) There is a σ-A-bimodule homomorphism ρ : A → (A ⊗A) * * such that π * * • ρ = κ A • σ, where κ A is the canonical embedding of A into A * * .
Proof. (i)=⇒(ii) Since A is σ-biflat, there exists a bounded linear map θ : (A ⊗A) * → A * satisfying (1) and θ • π * = σ * . We set ρ to be the restriction of θ * to A. Then, for every a ∈ A and λ ∈ A * we have
Next, for every a, b ∈ A and ξ ∈ (A ⊗ A) *
(ii)=⇒(i) Let ρ be as specified in the clause (ii). Suppose thatρ :
Clearlyρ is a bounded linear map and satisfies 
showing thatρ
It is well-known that every biprojective Banach algebra is biflat. The next proposition gives a generalization of this fact.
Proposition 2.4. Let A be a Banach algebra and let σ ∈ Hom(A). If A is σ-biprojective, then A is σ-biflat.
Proof. If A is a σ-biprojective Banach algebra, then there exists a bounded σ-Abimodule homomorphism ρ : A → A ⊗A such that π • ρ = σ. For every λ ∈ A * and a ∈ A we have
Since ρ is a σ-A-bimodule homomorphism, ρ * satisfies (1) by Lemma 2.2, so A is σ-biflat.
The relation between biflatness and σ-biflatness appears as follows.
Proposition 2.5. Let A be a Banach algebra and let σ ∈ Hom(A). Then:
(ii) If A is σ-biflat and has a bounded approximate identity, and if σ has a dense range, then A is biflat.
Proof. (i) There exists a bounded A-bimodule homomorphism ρ : (A⊗A) [5] . We consider the homomorphism σ : 
Relation to σ-amenability
Let A be a Banach algebra, let σ ∈ Hom(A), and let X be a Banach A-bimodule.
and it is σ-inner derivation if there is an element
]. An element
. In [4, Proposition 2.4] it is shown that if A has a σ-virtual diagonal, then it has a σ-approximate diagonal. An easy verification shows that the converse is also true.
In the following two propositions, we establish a connection between σ-biflatness and existence of σ-virtual diagonals.
Proposition 3.1. Let A be a Banach algebra with a bounded approximate identity and σ ∈ Hom(A). If A is σ-biflat, then A has a σ-virtual diagonal.
Proof. Let (e α ) be a bounded approximate identity for A. Since A is σ-biflat there exists a bounded linear map ρ : (A ⊗A)
We may suppose that ρ * (e α ) converges in the weak* topology to an element of (A ⊗A) * * , say M. Then for each a ∈ A and λ ∈ (A ⊗A) * , we have
of Theorem 2.3 shows that
hence M is a σ-virtual diagonal for A.
Proposition 3.2. Let A be a Banach algebra and σ ∈ Hom(A). If A has a σ-virtual diagonal, then A is σ-biflat.
. Clearly ρ is bounded, linear and σ-A-bimodule homomorphism. Also
Thus A is σ-biflat. Now, we describe the relation between σ-biflatness and σ-amenability.
Proposition 3.3. Let A be a σ-biflat Banach algebra with a bounded approximate identity. If σ ∈ Hom(A) has a dense range, then A is amenable so is σ-amenable.
Proof. Let A be a σ-biflat Banach algebra. By Proposition 3.1 A has a σ-virtual diagonal, equivalently, A has a σ-approximate diagonal m α ⊆ (A⊗A). We show that
A has an approximate diagonal, so it is amenable by [3, Theorem 2.9.65] and thus by [10, Corollay 2.2] it is σ-amenable, as required. Suppose that a ∈ A and ε > 0.
There exists N such that for every n ≥ N, a − σ(a n ) < ε then a − σ(a N ) < ε.
There is α 0 such that for all whereas σ is a homomorphism in Hom(A(H ⊗H)) with a dense range.
The role of sequences
We start with the following which is similar to Lemma 2.2.
Lemma 4.1. Let A be a Banach algebra, X and Y be Banach A-bimodule and let
For a Banach algebra A, we consider the short exact sequence 
(ii) Regarding the sequence Σ * * , there is a σ-A-bimodule homomorphism γ :
Proof. (i) Let M ∈ (A ⊗A) * * be a σ-virtual diagonal for A. We define the map
Then, for a ∈ A and λ ∈ A * a, θπ
whence θ(σ(a) . f ) = a . θ(f ). The equality θ(f . σ(a)) = θ(f ) . a is even easier.
(ii) Take γ := θ * , where θ is given by the clause (i). Then, it is immediate by Lemma 4.1. (i) B is σ-amenable;
(ii) B is a left ideal of A;
(iii) B has a bounded approximate identity which is also a bounded left approximate identity for A.
Then A is σ-biflat.
Proof. Since B is σ-amenable, Proposition 4.2(ii) yields the existence of a σ-Bbimodule homomorphism ρ :
where ι : B ֒→ A is the canonical embedding. Let (e α ) α be a bounded approximate identity for B which is a left bounded approximate identity for A. For each a ∈ A, (ρ(e α ) · σ(a)) α is a bounded net in (A⊗A) * * , and so without loss of generality we may suppose that it is convergence. Therefore we obtain a bounded linear mapρ : A −→ (A⊗A) * * , defined byρ(a) = w * − lim αρ (e α ) · σ(a).
It is immediate thatρ is a right σ-A-module homomorphism. To check thatρ is a left σ-A-module homomorphism, we first notice that
Let a, x, b ∈ A. By Cohen's factorization theorem, b = cd for some c ∈ B and d ∈ A.
Then, it follows from the above observation that
Now, let a, x ∈ A. Again, by Cohen's factorization theorem, there are y, z ∈ A such that b = yz. Then
Soρ is σ-A-bimodule homomorphism. It remains to prove that π * *
So by Theorem 2.3, A is σ-biflat.
Application for Tensor products
Let A be a Banach algebra, let σ ∈ Hom(A) and let C > 0. We say that A is C-σ-biflat, If there exists a map ρ : (A ⊗ A) * −→ A * , satisfying (1) such that ρ • π * = σ * and ρ < C.
Let A and B be Banach algebras and σ A ∈ Hom(A) and σ B ∈ Hom(B). Let E be a Banach A-bimodule, and let F be a Banach B-bimodule. We regard E ⊗F as a Banach A ⊗B-bimodule with the actions
for every a ∈ A, b ∈ B, x ∈ E and y ∈ F .
Using Ramsden's notation [11] , we constructB(E, F ) andB(F, E) as follows.
LetB(E, F ) be the space B(E, F ) with the following module actions:
is an isometric isomorphism of Banach spaces. We claim thatT satisfies (1). Indeed
and on the other hand
Let B(F, E) be B(F, E) with the following module actions
A similar argument as we use forT , shows thatT is an isometric isomorphism of Banach spaces satisfying (1) Now, we are ready to prove the main goal of the current section. 
